INTRODUCTION
The qualitative study of second order linear equations originated in Sturm's classical paper of 1836. A series of comparison theorems, see 1, 6] (ii) the steady state porous medium equation, '(u) + g(x; u) = 0; (1:4) and the following generalization of (i) and (ii), r (u jruj m?2 ru) + g(x; u) = 0; m > 1:
It is easy to show that radially symmetric solutions of (1. (1:6)
In standard proofs of the Sturm theorem, the condition (1.2) are essential, especially, the requirement p 2 (0) > 0. However in (1.6), we have p(r) = r N?1 and p(0) = 0, so that the classical approach cannot be applied. Moreover the nonlinear terms (u)ju 0 j m?1 u 0 and g(r; u) present intrinsic di culties in applying the Sturm theorem to (1.6) .
Recently, see for instance 2, 3, 5] , several authors have studied Sturm-type comparison theorems for various special cases of (1.6). Gui has obtained a comparison theorem for linear equations of type (1.6) when m = 2, 1 and g(r; u) = k(r)u. In 3] , a comparison between solutions of (1.6) and solutions of the equation is given when jg(r; u)j Mu m?1 . In 3, 5], the comparison theorems are then applied in the derivation of interesting properties for radially symmetric solutions of certain nonlinear elliptic problems.
The purpose of this paper is to extend the classical Sturm theorem for second order linear equations to nonlinear equations (and inequalities) and to apply the result to existence and uniqueness problems for positive radially symmetric solutions of nonlinear elliptic equations de ned on bounded domains or in the whole space IR N . Our comparison theorem includes the comparison theorems of Gui, Fillipucci, Ghiselli Ricci and Pucci, as well as the classical Sturm separation theorem, see 7] .
Let us consider the following problems (1:9)
Here we assume that '(u; w) = (u)jwj m?2 w; m > 1; (1:10) and that there are functions q 1 (r), q 2 (r) and f(u) such that g 1 (r; u) q 1 (r)f(u) (1:11) and g 2 (r; u) q 2 (r)f(u) (1:12) for all r 0 and u in IR. Equations (1:1 1 ) and (1:1 2 ) are obvious special cases of (1.8) and (1.9). Also (1.6) is included in both (1.8) and (1.9).
Throughout the paper we assume the following principal conditions on the functions p i and q i , Here R is either a positive number or +1. The existence of such a value R is guaranteed by (1.13). We shall concentrate on the comparison between solutions of (1.8) and (1.9) on 0; R). Instead of the standard case of C 2 solutions, here we consider solutions in the following weaker sense. That is, u and v are said to be solutions of (1.8) The nonlinearities in (1.8) and (1.9) essentially determine the behavior of solutions. The following crucial assumptions will be imposed on and f. then there is no radial solution of (1:14) which is positive in B R .
It is not simple to prove Theorem B by means of di erence arguments, because of the nonlinearities. On the other hand, by using Theorem A, the conclusion becomes straightforward.
We arrange the paper as follows. Section 2 contains several technical results, including a Riccati transformation for nonlinear equations. Section 3 is dedicated to the proof of the main comparison Theorem A. In section 4, we give various applications of the main comparison theorem to existence and uniqueness problem of radial solutions of nonlinear elliptic Dirichlet problems. The method that we use here is di erent from those in 3, 6, 7] . In 3] the authors take advantage of the condition jg(r; u)j Mu m?1 , and construct an auxiliary equation. Since we are dealing with more general nonlinear functions and f, it seems hard to follow that approach.
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PRELIMINARIES
We begin by considering the following simpler problems It is easy to see that (2.1) and (2.2) are special cases of (1.8) and (1.9). When (1.11) and (1.12) hold, it is clear that the comparison theorem for (1.8) and (1.9) can be deduced from that for (2.1) and (2.2).
The functions u and v are positive solutions of (2.1) .7) is that a second order nonlinear di erential inequality is transformed into a rst order di erential relation which can be handled by elementary methods.
We close with a simple fact. According to (2.6), (2.7) and (2.4), it is evident that !(0) (0) whenever u 0 0 0. On the other hand, if u 0 0 < 0 then (H 4 ) and the continuity of p 1 and p 2 again imply that !(0) (0).
THE MAIN COMPARISON THEOREM
In this section we prove the main comparison theorem, which is applicable to a wide class of nonlinear functions. Throughout this section, except for Corollary 3.5, we assume that condition (H 4 ) is valid, as well as (A 1 )-(A 3 ) and (H 1 )-(H 3 ). For simplicity, we divide the proof into several lemmas. We claim the assertion holds. Otherwise, there is a point R 0 2 (0; R) such that !(R 0 ) = (R 0 ) and !(r) > (r) for r 2 ; R 0 ):
By the assumption we have !(R 0 ) < 0: The continuity of ! implies that there is R 00 < R 0 such that ! 0 on R 00 ; R 0 ]. Consequently j!j j j on R 00 ; R 0 ]: By the remark at the end of section 2 and the conclusion of Lemma 3.1, we also have ! on 0; R). Now we are ready to prove a comparison theorem between solutions of (2.2) and the following auxiliary problem It is easy to check that F is a continuous function on 0; R). By (3.6), (3.8) and (3.9) we obtain F(0) In the special case p 1 (r) = r N?1 ; (s) 1; m = 2; the auxiliary function u " is given by u " (r) = u(r) + "r 2 2N : It is easy to check that this function satis es Lemma 3.3. On the other hand, in general the auxiliary function is not easy to obtain explicitly. y Note that u here need not in fact be a solution of (2.1). Proof. Suppose that u and v are two solutions of (3.13). Then we have then the same comparison theorem can also be proved. Finally, with more smoothness assumptions on f and , a Gronwall type inequality can be proved for (1.6), see 4] . In this case, Corollary 3.5 can be proved in a di erent way.
APPLICATIONS
In this section, we present some applications of our main comparison theorem to nonlinear problems. Sturm type comparison theorems have been successfully used by many authors to obtain existence and uniqueness theorems for nonlinear elliptic equations, see for instance, 2, 3, 5, 9, 11, 12]. Here we establish some further results for existence and uniqueness of positive radial solutions of the m-Laplace equation. We can now prove Theorem B. It is clear that positive radially symmetric solutions of (1.14) solve the problem (4.6), and that g(jxj; u) satis es (4.7). If there is a positive radial solution of (1.14) when R < (N=M) Again applying Theorem A to (4.11) and (4.14), we obtain w(r) u(r) for r 2 0; 1).
Thus problem ( We now divide the proof into three steps.
Step Step 2. Di erentiating (5:4) with respect to r yields Hence u " u on 0; R " ).
Step we get j " ? 0 j (" ) . Therefore, putting C 2 = supf (r) j r 2 0; R] g, j " ? 0 j C 2 " :
